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SILTING MODULES AND RING EPIMORPHISMS 
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Dedicated to Alberto Facchini on the occasion of his 60th birthday 

Abstract. There are well-known constructions relating ring epimorphisms and tilting modules. The new 
notion of silting module provides a wider framework for studying this interplay. To every partial silting module 
we associate a ring epimorphism which we describe explicitly as an idempotent quotient of the endomorphism 
ring of the Bongartz completion. Eor hereditary rings, this assignment is used to parametrise homological ring 
epimorphisms by silting modules. We further show that homological ring epimorphisms of a hereditary ring 
form a lattice which completes the poset of noncrossing partitions in the case of finite dimensional algebras. 


1. Introduction 

There is a close relationship between ring epimorphisms and tilting theory which goes back to IlGLi 
and was further studied in BASH lAAll . In fact, ring epimorphisms with nice homological properties can 
be used to construct tilting modules. Here we have to deal with large tilting modules, since even the ring 
epimorphisms A ^ B of a finite dimensional algebra A usually involve infinite dimensional algebras B. 
Tilting modules arising from ring epimorphisms play an important role in classification results. For example, 
over a Dedekind domain, all tilting modules are of this form, and over the Kronecker algebra, this applies to 
all but one up to equivalence f UASlllAS^lMl f. 

In BAMVB . we developed the new notion of silting module as a common generalisation of (possibly large) 
tilting modules and support x-tilting modules. In this paper we show that silting theory is an appropriate 
context to study the phenomena above, as it provides a wider framework for the interplay with ring epimor¬ 
phisms. This idea is further supported by parallel work in BMSl . where it is shown that for finite dimensional 
algebras of finite representation type, silting modules are in bijection with universal localisations. 

Silting modules over an arbitrary ring A capture some of the main features of tilting and support x-tilting 
modules. As shown in BAMVI . they generate torsion classes in the module category which provide left 
approximations, they are the 0'^’-cohomologies of 2-term silting complexes, and they correspond bijectively 
to certain t-structures and co-t-structures in the derived category. 

Of particular relevance to this paper is the existence of a suitable notion of partial silting module. In 
BAMVI . we proved that every partial silting module admits an analogue of the Bongartz complement and, 
thus, can be completed to a silting module. Here, we associate to a given partial silting module a full sub¬ 
category of Mod {A) which can be understood as its perpendicular category. We show that this subcategory 
is bireflective, that is, its inclusion functor admits both left and right adjoints. Such subcategories are known 
to correspond bijectively to equivalence classes of ring epimorphisms starting in A f lGdPl l. We can thus 
assign a ring epimorphism A —> B to every partial silting module. 

This assignment extends results proved in the context of tilting f BGLllCTT2l l or support x-tilting modules 
(lUl). In particular, it is shown in Q] that the ring B associated with a x-rigid (that is, a finitely generated 
partial silting) module Ti over a finite dimensional algebra A is a support algebra of the endomorphism 
ring EndA{T) of the Bongartz completion T of Ti. We prove (Theorem 13.51 that all ring epimorphisms 
arising from partial silting modules can be described in a similar way as idempotent quotients of EndA{T). 
Working with large modules implies, however, that we have to replace idempotent elements by idempotent 
ideals, and the proof requires a detailed analysis of the functors involved in our construction. We further 
investigate properties of the ring epimorphism associated with a partial silting module. It turns out that even 
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finite dimensional partial tilting modules over finite dimensional algebras can give rise to non-injective or 
non-homological ring epimorphisms. 

Later, we focus on the case when A is a hereditary ring. Here all ring epimorphisms arising from partial 
silting modules are homological. Conversely, every homological ring epimorphism / : A —)• B gives rise to a 
silting A-module T = B® Coker{f), and the map / can be regarded as a minimal left Ar/<i(r)-approximation 
of the regular module A. We thus restrict our attention to minimal silting modules, that is, silting modules 
T providing a minimal Ar/(f(r)-approximation sequence A —)• To —Ti —> 0. Using that A is hereditary, it 
follows that T\ is partial silting and, thus, we can assign to T a well-defined ring epimorphism. We show that 
this assignment establishes abijection between minimal silting modules and homological ring epimorphisms 
tTheorem l5.8l) . where the minimal tilting modules correspond to injective homological ring epimorphisms. 

Over a finite dimensional hereditary algebra A, our correspondence restricts to a bijection between finite 
dimensional support tilting modules and homological ring epimorphisms A —> B with finite dimensional B. 
These objects also correspond to finitely generated wide subcategories of mod {A), and we recover results 
from lITllMl- Of course, the combinatorial interpretation of finite dimensional support tilting modules in 
terms of noncrossing partitions or clusters is lost when working in our general setting. However, a ring 
theoretic counterpart is provided by the poset of all homological ring epimorphisms. Since homological 
ring epimorphisms coincide with universal localisations t iKStll ). this poset turns out to be a lattice (Corollary 
15.161) . Notice that if we restrict to ring epimorphisms with finite dimensional target, we obtain the poset of 
exceptional antichains from [Rj (see also BHKI l which is not a lattice in general. 

Finally, we show that our classification of minimal tilting modules over hereditary rings fits in a number of 
classification results over further rings that reveal a deep connection between tilting theory and localisation. 

In a forthcoming paper, we will explore the connections between silting theory and categorical localisa¬ 
tion of module categories and derived categories. An important role will be played by the explicit description 
of the ring epimorphism associated with a partial silting module mentioned above. 

The structure of the paper is as follows. Section 2 recalls some facts on silting modules and ring epi¬ 
morphisms. In Section 3, we construct the bireflective subcategory associated with a partial silting module 
and we describe explicitly the associated ring epimorphism. In Section 4, we investigate the homological 
properties of these ring epimorphisms. Finally, Section 5 discusses silting modules over hereditary rings 
and the classification of homological ring epimorphisms. 

Acknowledgement. The first named author is partially supported by Fondazione Cariparo, Progetto di 
Eccellenza AS ATA. The third named author is supported by a Marie Curie Intra-European Eellowship within 
the 7th European Community Eramework Programme (PIEP-GA-2012-327376). 

2. Preliminaries 

Throughout, A is a unitary ring and by an A-module we mean a right A-module, unless otherwise stated. 
The category of all A-modules will be denoted by Mod {A) and its full subcategory of projective A-modules 
by Proj{A). The category mod (A) denotes the category of finitely presented modules. In some contexts, we 
will consider finite dimensional algebras over an algebraically closed field K, usually denoted by A. 

Eor a given A-module M, we denote by M° the subcategory of Mod (A) consisting of the objects N 
such that HomA{M,N) = 0, and by the subcategory of Mod (A) consisting of the objects N such that 
Ext^{M,N) = 0. We set M-^ to be M°r\M-^'. Eurther, Add{M) denotes the additive closure of M consisting 
of all modules isomorphic to a direct summand of an arbitrary direct sum of copies of M, while Gen{M) is 
the subcategory of M-generated modules (that is, all epimorphic images of modules in Add{M)). 

2.1. Silting modules. Recall from BCTU that an A-module T is called partial tilting, if is a torsion 
class containing T. Moreover, T is tilting, if Gen{T) = In order to introduce the notion of (partial) 
silting module, consider, for a morphism a in Proj{A), the class of A-modules 

:= {X ^ Mod{A)\HomA{o,X) is surjective}. 


2 







Definition 2.1. MAMVl Definition 3.10] We say that an A-module T is 

• partial silting if there is a projective presentation a of T such that 

(51) is a torsion class. 

(52) T lies in ®tj. 

• silting if there is a projective presentation a of T such that Gen{T) = ©o. 

We will then say that T is (partial) silting with respect to a. 

It follows easily from the definition that (partial) tilting modules are (partial) silting. Recall that an object 
M in a class C of A-modules is said to be Ext-projective in C, if C is contained in The following facts 
on silting modules will be useful later. 

Proposition 2.2. I AM VI Lemma 3.4 and 3.7, Proposition 3.5 and 3.13] Let T be a silting A-module. The 
following statements hold. 

(1) T is tilting over A/Ann{T). 

(2) Add{T) is the class of Ext-projective modules in Gen{T). 

(3) There is an exact sequence 

d) 

A —^ To -^ Ti-^ 0 

such that Tq and T\ lie in Add{T) and (|) is a left Gen{T)-approximation. 

In particular, from (2) above it follows that two silting modules have the same additive closure if and only 
if they generate the same torsion class, in which case we say that they are equivalent. Moreover, from (3) it 
is easy to see that every A-module admits a left Gen(r)-approximation. 

2.2. Ring epimorphisms. Recall that a ring epimorphism is an epimorphism in the category of rings with 
unit. Two ring epimorphisms /: A —> R and g : A —> C are said to be equivalent if there is a ring isomorphism 
h'.B^C such that g = ho f. We then say that B and C lie in the same epiclass of A. Epiclasses of a ring A 
can be classified by suitable subcategories of Mod {A). For a ring epimorphism f : A ^ B we denote by Xb 
the essential image of the associated restriction functor /*. 

Theorem 2.3. HGdPl Theorem 1.2] UGLI There is a bijection between: 

(1) epiclasses of ring epimorphisms A B; 

(2) bireflective subcategories Xg of Mod {A), i.e., full subcategories of Mod {A) closed under products, 
coproducts, kernels and cokernels. 

Bireflective subcategories X are precisely those for which the inclusion functor X —> Mod {A) admits both 
a left and a right adjoint. As a consequence, there are left A-approximations ^\fM ■ M Xm, for all M in 
Mod{A), such that HomA{^M,^) is an isomorphism for all X in X. These approximations are called X- 
reflections and they are left-minimal, i.e., any endomorphism 9 of Xm with 0o\|/^ = '\i/M is an isomorphism. 
In fact, if / : A ^ B is the ring epimorphism associated with X, then \|/m is the natural map M ^ M ®aE. 
Dually, there are right A-approximations with analogous properties called A-coreflections. 

The following two results will be frequently used throughout. 

Proposition 2.4. MSchll Theorem 4.8] Let A B be a ring epimorphism. Then the following are equivalent. 

(1) Tor^{B,B)=0; 

(2) Ext\{M,N) = Extg{M,N)for all B-modules M andN. 

Proposition 2.5. Let % \ A ^ A be a surjective ring epimorphism with kernel 1. The following holds. 

(1) The subcategory X^ is closed under quotients and subobjects in Mod{A). 

(2) I is idempotent if and only ifX^ is closed under extensions in Mod (A). In this case, we have Xy, = 1°. 
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Proof. (1) This follows easily from the fact that = {X G Mod{A) \ XI = 0}. 

(2) First observe that Torf{A,A) = Torf{A/I,A/I) = I/I^. The first part of the statement follows then 
from Proposition 12.41 Assume now that 1 = 1^. By applying the functor HomA{—,X), for an A-module X, 
to the short exact sequence induced by 7t, we get the exact sequence 

0- ^ HomA{A,X) HomA{A,X) - ^ Ext\{A,X) -^0 

If X & Xa, then Ux is an isomorphism and, since Ext\{A,X) = 0 by Proposition 12.41 it follows that X € 1°. 
Conversely, if HomA{I,X) = 0, then Kx is an isomorphism turning X into an A-module. □ 

A ring epimorphism / : A —> B is said to be homological if for all / > 0 we have Torf{B,B) = 0 or, 
equivalently, if Extg{M,N) = Ext\{M,N) for all M and N in Mod{B) (see UGLl Theorem 4.4]). Certain 
homological ring epimorphisms of A induce tilting modules. 

Definition 2.6. A tilting A-module T is said to arise from a ring epimorphism, if there is an injective ring 
epimorphism A^ B such that B 0 B/A is a tilting A-module equivalent to T. 

In this definition, the ring epimorphism is unique up to equivalence. Moreover, the canonical sequence 

0-A —^ B - B/A -^ 0. 

is an approximation sequence as in Proposition l2.21 3f. 

The following theorem relates ring epimorphisms and tilting modules. 

Theorem 2.7. HASH Theorem 3.5, Theorem 3.10] 

(1) Let A B be an injective homological ring epimorphism such that the A-module B has projective 
dimension at most one. Then B(BB/Ais a tilting A-module and Xb equals {B/A)^. 

(2) Let T be a tilting A-module. Then T arises from a ring epimorphism if and only if there is an 
Add(T)-approximation sequence 

0-^ A-^ To-^ Ti -^ 0 

such that HomA {Ti, To) = 0. 


3. Ring epimorphisms arising from partial silting modules 


We start by generalising some ideas from IICTT21 on partial tilting modules. We fix a partial silting A- 
module Ti with associated torsion class Dc given by a projective presentation a of Ti. Since Gen{T\) is a 
torsion class by HAMVl Lemma 2.3], there are two torsion pairs associated with Tp. 

:=(®o,®a) and {TI,jF) ■= {Gen{T,),T^). 

We are interested in the full subcategory ‘y := ® D fF of Mod{A). Note that, by definition, 

y = {X ^Mod{A)\HomA{(5,X) is injective} 


and, therefore. 


y = {X ^Mod{A)\HomA{o,X) is bijective}. 

We will show that y is a bireflective subcategory of Mod{A) and, thus, we can associate a ring epimorphism 
A^B such that y = Ag. 


Remark 3.1. Given a ring epimorphism f :A^B such that Xb = y, it follows that 00,46 is an isomorphism 
(compare to IISch21 Theorem 5.2] and l|Mj Proposition 3.3(1)]). Indeed, if HomA{o,X) is an isomorphism 
for allX in y, using the adjunction (— 0^6,/*), then so is HomB{o‘S>AB,X). Hence, HomB{T\ iS>aB,X) = 0 
for all X in y, showing that Ti 0,4 6 = 0 and that 0 0,4 6 is surjective. Now, if we write a . P ^ Q, then 
HomB{o® aB,P'^aB) is an isomorphism. Consequently, the identity map on 60^6 factors through g®aB, 
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proving that a (g)^ B is also injective, as wanted. Note that, in case a is a map between finitely generated 
projective modules, B is the universal localisation of A at {a} (see Theorem 15.12I) . 

The following arguments mimic the approach taken in IICTT21 Proposition 1.4]. 

Lemma 3.2. Consider an A-module M in ‘y together with a short exact sequence in Mod{A) 

0-^ L -^ M -^ N -^ 0. 


Then we have the following equivalent conditions 


Proof. Since M belongs to y = D n IF, we know that L lies in ]F and N lies in 2). This proves the two outer 
equivalences. For the remaining one consider the following commutative diagram induced by a : P —)• 2 

0-s- HomA{Q,L) -^ HomaA{Q,M) - 9 - HomA{Q,N) -^ 0 


Homa (<JX) 


Hoiiia (<^M) 


HoniA 


0 -^ HoniA{Py) -^ HomA{P,M) -^ HoniA{P,N) -^ 0. 

By the Snake Lemma, HomA{o,L) is surjective if and only if HomA{o,N) is injective. 


□ 


We can construct left y -approximations for any A-module X. Take a ©-approximation sequence 





rd) 

''1 


0 , 


which is constructed as in IIAMVi Theorem 3.15]. Recall that T := T\ ®Ma is a silting module with 
Gen{T) = ©. Now, consider the composition 


\|/x : X —^ Mx ^ Mx/xti (Mx) =: Mx 


where Xt-, denotes the trace of Pj, which is the torsion-radical with respect to “P. Note that it is clear by 
construction that Mx lies in y for any A-module X and, moreover, since \|/x is the composition of a left 
©-approximation and a left ]F-approximation, it is a left y -approximation. 

Proposition 3.3. The full subcategory y of Mod (A) is bireflective and extension-closed. Moreover, the 
y-reflection of an A-module X is given by \|/x- 

Proof. We have to show that y = {X ^ Mod{A)\HomA{o,X) is bijective} is closed under products, coprod¬ 
ucts, kernels, cokernels and extensions. Clearly, y is closed under extensions and coproducts, since so 
are © and ]F. Note that y is also closed under products, since HomA{o,Y\Xi) = Y\HomA{o,Xi) for X; in 
Mod {A) and products are exact. Finally, take a map co : M —> N in ]/. Clearly, Im{tii) belongs to y , since it 
is a quotient of M (thus, in ©) and a submodule of TX (thus, in ]F). Now the claim follows by Lemma lT2l 
It remains to show that HomA (\|/x, T) is an isomorphism for all Y in y. It is clearly a surjection, since 
i|/x is a left ^/-approximation. Moreover, we have Ker{HomA(Mxy)) = PIomA{Cokerfifx)y)- Since Y 
lies in ]F, it suffices fo show fhaf Coker{y/x) is in “P = Gen{T\). The following commutative diagram with 
surjective vertical maps finishes fhe proof 


X—^Mx 


w 


M) 


X —^ Mx -^ Coker{\]fx) -^ 0. 


□ 
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Hence, it follows from Theorem |23] and Proposition I2.4l that we can associate to every partial silting mod¬ 
ule a ring epimorphism B with Tor^{B,B) = 0. Moreover, we can choose B to be EndA{MA/'^Ti {Ma)) 
(see, for example, BAS 111 for details). These ring epimorphisms are closely related to the ring epimorphisms 
built in BCTTIB . as the following lemma shows. 

Lemma 3.4. Let T[ be a partial silting module and T = T\ ®Ma its Bongartz completion to a silting module 
as above. Let f : A ^ B be the ring epimorphism associated with T\ and 7t : A ^ A := A/Ann{T) the 
canonical projection. Then there is a ring epimorphism g : A ^ B satisfying f = goK and such that 

Im{g ^) = Ker{Hom^ (Ti, -)) n Ker{Ext\ (Ti, -)). 

Proof. Since Gen{T) is contained in lm{%fj, we can naturally identify with a bireflective subcategory of 
Mod {A). Let g : A ^ Bbe the associated ring epimorphism. It clearly follows that f = go%. Now, the left 
Gen(r)-approximation (j)yi : A —> Ma induces a short exact sequence in Mod{A) of the form 

0- ^A-^Ma -^ ^ 0. 

Since, by Proposition |2[2{l), T is a tilting A-module, it follows that Gen{T) = Ker{Ext^{T\,—)) in Mod{A). 
By the definition of jf, it then follows that Im{gf) = Ker{E[omA{T\,—))r\Ker{Ext^^{T\,—)), as wanted. □ 

The following theorem describes explicitly the ring epimorphism arising from a partial silting module. 


Theorem 3.5. Let T\ be a partial silting module, T = T\ ®Ma its Bongartz completion to a silting module 
as above and f : A ^ B the ring epimorphism associated with T\. Then there is an isomorphism of rings 
between B and EndA{T)/L where I is the two-sided ideal given by the endomorphisms of T factoring 
through an object in Add{T\). Eurthermore, the ideal I is idempotent. 


Proof. For simplicity, throughout this proof we denote Ma by M. According to the discussion above, we 
fix the ring B to be EndA{M), where M = M/xp (M). We prove our theorem in several steps. First, we 
define a surjective ring homomorphism p : EndA{T) —> EndA{M), fhus yielding an isomorphism of rings 
p : EndA{T)/Ker{p) End{M). In a second sfep, we will show thaf Ker{p) coincides wifh the ideal I of 
endomorphisms of T factoring through an object in Add{T\). Steps 3 and 4 show that I is idempotent. 

Step 1: A surjective ring homomorphism. Consider the short exact sequence 

0-^ Xp (M) M — ^ M -^ 0. 


Note that the trace of T\ in M will be preserved by any endomorphism of M. Consequently, for all a in 
EndA{M) there is a unique endomorphism a in EndA{M) such that doq = qoa. Endomorphisms of M lie 
in a comer of the endomorphism ring of T, which can be written as a 2 x 2-matrix as follows 


EndA{T) = ^ 


EndA{M) 
HomA{M, Ti) 


We define fhe following map 


HoniA{Ti,M) \ 
EndA{T\) )' 


p : EndA{T) -^ End{M) = B , 



b 

d 


1 -^ a. 


If is sfraighfforward fo check thaf p is a ring homomorphism. To show thaf if is surjective, if is enough fo 
see fhaf endomorphisms of M liff fo endomorphisms of M. Indeed, by applying fhe funcfor HoniA{M, —) fo 
fhe shorf exacf sequence above, we gef fhe exacf sequence 


EndA (M)-^ HomA (M,M)-^ Ext\ (M, Xp (M)). 


Since M £Add{T) and Xp (M) G Gen{T), by Proposifion l2.2f 21. we know that Ext^{M ,Xp (M)) = 0. Hence, 
for any 6 in EndA{M) there is a morphism a in EndA{M) such that 5oq = qoa, showing that p is surjective. 
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step 2: Computing the kernel. We now show that an endomorphism y of T belongs to the kernel of p if 
and only if it factors through a module in Add{T\). Write 



and suppose first that y factors through Add{Ti). In particular, the image of y lies in the trace of Tj in T. 
This shows that Im{a) C {M) and, thus, doq = qoa = 0. Since q is surjective, p{y) = d = 0, as wanted. 
Conversely, if y lies in the kernel of p, we get ^ o a = 0, meaning that the image of a lies in the trace of Ti. 
Hence, there is a map CO : M — > (M) making the following diagram commute 


M 



0-^ Xp (M) M M -^ 0. 

Let J be the set HomA{T\,Xp {M)) and consider the short exact sequence induced by the universal map p 

0-^ Ker{p) -^ Tr, (M)-^ 0. 


Using the presentation a : P ^ Q of Ti defining fDa = Gen{T), we gef fhe following commufafive diagram 

0 0 0 

0 - ^ HomA{Ti,Ker{p)) - ^ HomA{Ti,XT,{M)) - ^0 

0 - ^ HomA{Q,Ker{p)) - ^ HomAiQjl^^) - ^ HomA{Q,Xp{M)) - -0 

n 

0-^ HomA{P,Ker{p)) -^ HomA{P, ^ HoniAiPAp {M)) -^ 0 


0 0 

where K = HomA{Ti,p) is surjective by the definition of p. By the Snake Lemma, it follows that r] is 
surjective and Ker{p) lies in “Da. Consequently, since M is in Add{T), we get Ext\{M ,Ker{p)) = 0, using 
Proposition 12.21 21. Hence, there is a map v : M —)■ such that to = q o v. We conclude that a = / o co = 

iopov factors through Ac/<i(ri). Now, yean be decomposed as the sum of four endomorphisms of T induced 
naturally from the maps a, b, c and d. It is clear that the endomorphisms induced by b, c and d factor through 
Add{T\) and by the arguments above so does the endomorphism induced by a. Since the endomorphisms 
factoring through Add{T\) form an ideal of EndA{T), it follows that y lies in that ideal, as wanted. 

Step 3: A commutative diagram of functors. The steps above show that the canonical projection 
EndA{T) EndA{T)/Ker{p) lies in the same epiclass as p : EndA{T) —> B. Hence, in order to show that 
the ideal I = Ker{p) is idempotent, it is enough to check that Im{p^,) is extension-closed in Mod{EndA{T)) 
(see Proposition 12.51 211. In this step, we show that the restriction functors and /* satisfy the relation 
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= HomA{T,f^{—)), i.e., there is a commutative diagram of functors 


Mod{A) 


/. 

Mod{B) 



HomA(T^—) 


Mod{EndA{T)). 


Recall that p* and /* can be rewritten as —), where B is regarded, respectively, as a left EndA{T)- 

module via p and as a left A-module via /. Hence, using the adjunction 

HomA{TJ^{-)) •^HomB{T ‘S>aB,-) 

it is enough to check that B and T ®aB we isomorphic as left £'n<iA(7’)-inodules. Since T =M®T\ and, by 
construction HomA{Ti,XB) = 0, we have T ®aB = M®aB. But by Proposition 13.31 we have M®aB = M, 
so there is an isomorphism s :T ^aB ^ B of right A-modules given by ®x) = q{m)x, for m G M, 

ti G Ti and x ^ B. We check that s is also a map of left £'ndA(7’)-inodules. On one hand, we have that 

®x) = s{{a{m) +b{t\),c{m) +d{ti)) ®x) = q{a{m))x. 

On the other hand, using the left action of EndA{T) on B via p we have, as wanted, 

^ ^ q{m)x = dq{m)x = q{a{m))x. 

Step 4: Reducing to the tilting case. Consider now the ring A = A/Ann{T) and the canonical projection 
71 : A —)■ A. By Lemma 13.41 and Step 3, we get that p* = /*(—)), where f : A ^ B is the ring 

epimorphism given by the factorisation f = f on. Since T is an A-tilting module (see Proposition 12.21 111. 
we may assume without loss of generality that 7 is a tilting A-module. Then the following useful facts hold 
true for T. 

(1) IHl Proposition 3.4] The functor Torf"‘^^^^\HomA{T,—),T) is identically zero. 

(2) BCTl Corollary 2.18] The endofunctor HomA{T, —) ®EndA(T) T ofMod{A) acts as the identity functor 
on Gen{T). 

We now show that/n7(p*) is extension-closed in Mod{EndA{T)). LetX and Z lie in Mod(B) and consider 
a short exact sequence in Mod{EndA{T)) of the form 

£ : 0 —y p^,(Z) — y Y — y p^:(Z) —y 0. 

Since p* = HomA{T,f^{—)), it follows from (1) above that we get a short exact sequence in Mod{A) 
^®EndA(T)T '■ 0 ^ E[omA{T,f^{X))®EndA(T)T ®EndA{T)T HomA{T , f^:{Z)) ®EndA(T) T 0 . 

By (2) above, the two outer terms of this sequence are isomorphic to /*(Z) and /*(T). Since is 

extension-closed in Mod{A), also Y ®EndA(T) T is in By Proposition 12.21 21. the functor HomA{T, —) 

is exact for sequences in Gen{T), so HomA{T,e ®EndA{T) T) is a short exact sequence in Mod{EndA{T)). 
Now, the unit of the adjunction (— ®EndA(T) T,HomA{T, —)) yields a map of short exact sequences 

£ HOmA{T,e ®EndA{T) T) 
which, again by fact (2), induces an isomorphism 

Y ^ HomA{T,Y ®EndA(T) T). 

Hence, Y lies in Im{HomA{T,f^{—))) = Im{p^). □ 




Remark 3.6. If every element of the ideal / is an endomorphism of T factoring through add{T\), then I is 
generated by the idempotent element of EndA{T) corresponding to the summand T\ of T. This holds, for 
example, if T is a finitely generated silting module over a finite dimensional algebra. This case has been 
explored in |J|. 

We finish fhis secfion wifh a reducfion resulf for torsion classes fhaf, in fhe confexf of parfial filling 
modules, was firsf proved in IICTTll Theorem 4.4]. A similar resulf was shown for x-rigid modules and Iheir 
complelion fo supporl x-filling modules over finite dimensional algebras in ||jJ Theorems 3.12 and 3.13]. 
Given fwo full subcalegories X and ^ of Mod{A), we denote by A*]/ fhe full subcalegory confaining fhe 
A-modules M such thal Ihere are X in X and Y in‘X and a shorl exacl sequence of fhe form 

0-^ X-^ M -^ Y -^ 0. 

Recall lhal an A-module M is called finendo if if is a finifely generated module over ils endomorphism ring. 
Equivalenlly, by BATTl Proposition 1.2], every A-module has a lefl Geu(M)-approximafion. A class T of 
A-modules such lhal every module has a lefl T-approximation is called preenveloping. 

Theorem 3.7. Let T\ be a partial silting A-module with associated ring epimorphism f : A ^ B and let T 
be the completion ofT\ to a silting A-module as above. Then the following holds. 

(1) There is a bijection between 

torsion classes Xin Mod{A) 1 J torsion classes 1 
with Gen{Ti) C -T C GeniT) J ^ ^ \ in Mod{B) / 

where a torsion class T in Mod (A) is mapped to T Conversely, a torsion class (f in ModiB) 
is mapped to Gen{T\)^X{(f ). 

(2) If the A-module 7] is finendo, then the bijection in (1) restricts to a bijection between 

preenveloping torsion classes T 1 _ J preenveloping torsion 

inMod{A) with Gen{Ti) C ‘T C Gen{T) j ^ ^ | classes inMod{B) 

Proof. Lei T be a torsion class in Mod{A) fulfilling Gen{T]) C “T C Gen{T). Since Xb = Gen{T) n Tj", we 
have T 0,4 B = (T n ^ 1 °) 0^ B, which can be identified wifh T n Tj’ in Mod{A). Now fhe firsf slalemenl 
follows by fhe same arguments used in the proof of 111 Theorem 3.12]. 

For statement (2), take a preenveloping torsion class T C Mod{A) with Gen{T\) C T C Gen{T). Since 
Tj® is a torsion-free class and T is a preenveloping torsion class in Mod{A), every A-module admits a left 
T n ^[“-approximation, as argued before Proposition 13.31 In particular, the torsion class T 0 y 4 B in Mod{B) 
is preenveloping. Conversely, let ^ be a preenveloping torsion class in Mod{B). We have to show that 
every A-module has aleft Geu(ri)*/*(^)-approximation. Since T\ is finendo, using HGTl Theorem 1.1], it 
suffices to check that every A-module admits a left /*(^)-approximation. By assumption, every B-module 
has a left ^-approximation and, since Xb is a birefiective subcategory of Mod {A), the result follows. □ 

4. Examples 

In this section, we focus on finite dimensional K-algebras. We investigate homological properties of the 
ring epimorphism associated with a partial silting module. 

Example 4.1. Let A be the quotient of the path algebra over IK for the quiver 

a 

1 ^^2 

P 

by the ideal generated by a^a and Pap. The simple A-module Si is partial silting with respect to its 
minimal projective presentation a : P 2 ^ Pi. In fact, we have that = Add {Pi ® Pi/rad^Pi 0 Si) and 
the corresponding completion of Si to a silting module (in the sense of the previous section) is given by 
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T := Si ©P®^. Moreover, the associated bireflective subcategory of Mod {A) is given by Add{Pi/rad^{Pi)) 
yielding the ring epimorphism A ^ B with B = EndA {T)/{es^) = M 2 (K) (see Theorem 13.51 and Remark 
I3.6I ). Since the A-module Pi/rad^{Pi) has infinite projective dimension and it is periodic with respect to the 
syzygy, there is some d > \ with Ext'^(B,B) 7 ^ 0. Thus, the ring epimorphism A —> P is not homological. 

The example above illustrates the fact that ring epimorphisms associated with partial silting modules 
(even if simple ones) are in general not homological. In the tilting case, however, one can provide sufficient 
conditions for this property to hold. The following result is motivated by UGLl Theorem 4.16]. For simplicity 
we use the convention M®^ := 0 for any A-module M. 

Proposition 4.2. Let Abe a finite dimensional "K-algebra and T\ be a finite dimensional, non-projective, 
partial tilting A-module with EndA{T\) = K. Then the associated ring epimorphism / : A —> B has kernel 
Xp (A), and it is homological if and only if Ker{f) = T®^ for some n >0. Moreover, if f is homological, 
then B has projective dimension at most 2 as a right A-module and, in fact, its projective dimension is less 
or equal than 1 if and only if f is injective. 

Proof Choose A and Ti as above and let a be a monomorphic projective presentation of Ti. Let f : A^ B 
be the ring epimorphism associated with the bireflective subcategory n Tj” = Tj®. Since Ti is finite 
dimensional and indecomposable, we can choose a Bongartz complement Tq of Ti such that there is a short 
exact sequence 

; 0-- A — To — r®^-- 0, 

for some k> I, where the map (|) is a minimal left Tj®'-approximation of A. From the construction of the 
Ag-reflections in Mod{A) (see Proposition 13.31) . it follows that Ker{f) = Xj-j (To) n (|)(A). We will show 
that (|) induces an isomorphism X 7 '|(A) = X 7 ’j(ro). For that, it is enough to show that the monomorphism 
EIomA{T\,(f) : Hom\{Ti,A) —)• EIom\{T\,To) is an isomorphism. Given r] : Ti ^ To, if the composition 
V|/ori : Ti —> T®^ is non-zero, then it is a split monomorphism since EndA{T\) = K. Therefore, r] is a split 
monomorphism and is an isomorphism between a direct summand of To and a direct summand of 

T®^, contradicting the minimality of (j). This shows that \|/ori = 0 and r] factors through (|). We conclude that 
Ker{f)=Xp{A)^TTfiTo). 

Suppose now that Ker{f) = T®”, for some n>0. Since we know that Tor^{B,B) = 0, by applying the 
functor — ©A P to the sequence 

0-^ r®"-^ To -^ B -^ 0, 

we see that Tor^{B,B) = 0, for all i > 2 (since both To and T®" have projective dimension at most 1). 
Moreover, since a ©a® is an isomorphism by Remark [LTI we have that Tori{T®",B) = 0 and, thus, 
Tor^{B,B) = 0, proving that / is homological. 

Conversely, suppose that / is a homological ring epimorphism and let n be the dimension of the ]K-vector 
space HomA{Ti,A). Choosing a basis of HomA{T\,A), let s : T®” A denote the induced universal map 
and consider the short exact sequence induced by it 

P 2 ■ 0-^ Ker{e) -^ r®” —^ xr, (A)-^ 0. 

It follows, by construction, that Ker{z) lies in Tj® = Xb- We now observe that also Ker{z) ©a B = 0. 
Applying — ©aB to the sequence pi we see that Tor^{To,B) = 0. Applying the same functor to the sequence 

0-- xp {To) -- To -- B-- 0 

we conclude that Tori (xj-j (ro),B) = 0, because / is homological. Since Xp (7b) = x^j (A), by applying once 
again — ©aB to the sequence p 2 we see that Ker{z) ©aB = 0. Since Ker{z) lies in Xb, this means that 
Ker{z) = 0 and T®” ^ x^i (A) = Ker{f). 
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Finally, if / is homological, the previous assertions show that, as a right A-module, it is isomorphic to the 
quotient Tq/T®^, from which it follows that the projective dimension of Ba is less or equal than 2. If n = 0 
(i.e., / is injective), then the projective dimension of B is less or equal than 1. Conversely, if the projective 
dimension of B is less or equal than 1, then T®" is either zero or projective. Since T\ is by assumption not 
projective, it follows that n = 0 and B = Tq as a right A-module, thus finishing the proof. □ 

Note that the proposition shows in particular that if the above ring epimorphism / : A —)• B is injective, 
then it is homological. Examples of injective homological ring epimorphisms occur very naturally in the 
context of hereditary rings, as we will see in the next section. We finish fhis secfion wifh fwo examples 
where / arises from a parfial filling module wifh frivial endomorphism ring and such thal in one case / is 
homological buf not injective and in the other case / is not homological. 


Example 4.3. Let A be the quotient of the path algebra over K for the quiver 



Given a finite dimensional partial tilting module A-module Ti we denote, as before, by / : A —)■ B the 
associated ring epimorphism. 

Case 1: The epimorphism / is homological but not injective. Let T\ := M 2 . The associated bire- 
flective subcategory is described by = Add{P 2 ©B 3 ©B 4 0/2 ©Mi ©/j ©S 2 ©A). It is clear that 
XT', (A) = Xm 2 {P\ ) — ^2 and, thus, by Proposition 14.21 we conclude that / is homological and non-injective. 
In particular, the projective dimension of B as an A-module is exactly 2. This can also be computed directly 
from the description of by observing that I 2 is a projective B-module which has projective dimension 2 
as a A-module. In fact, since P 2 ©B 3 ©B 4 ©/2 is a projective generator in Xb, it follows that B is Morita 
equivalent to the quotient of the path algebra of the quiver 


by the ideal generated by the path cov. 

Case 2: The epimorphism / is not homological. Consider the partial tilting A-module M\. The as¬ 
sociated bireflective subcategory is described by = Add{P 2 ©B3 ©B5 ©M 2 ©A). It is clear, however, 
that XT’, (A) = Xt’i(Bi) = M 3 . Therefore, by Proposition 14.21 / is not homological. This can also be seen 

by observing that B is Morita equivalent to IKQ x K x K, where Q is the quiver •-s- •, and, thus, it is 

hereditary. However, one checks that Ext\{l\,P^) ^ 0, showing that / cannot be homological. 
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5. Minimal silting modules over hereditary rings 

In this section, we study silting modules over hereditary rings that turn out to play the role of generalised 
support tilting modules. Afterwards, we define minimal silting modules. This definition allows us to as¬ 
sociate a unique ring epimorphism to every such silting module. We then use this assignment to establish 
a bijection between minimal silting modules and homological ring epimorphisms. We have the following 
useful lemma. 

Lemma 5.1. Let A be a hereditary ring and T be a subcategory of Mod {A) such that T = AddifT). If 
(j): A —> To A a left ^-approximation with Ext\{To,To) = 0, then Ker[(^) =Ann{E) is a two-sided idempotent 
ideal. 

Proof It is easy to see that J := Ker{(f) equals Ann{T) and, thus, it is a two-sided ideal (and projective 
both as left and as right A-module). Since A is hereditary, is closed for subobjects. It follows that 
Ext\{A/J,T()) =0. Applying the functor Horn a (—, To ) to the short exact sequence induced by the inclusion 
of 7 in A and using the fact that any map from A to Tq factors through (j) (and thus through the quotient A/7), 
we conclude that HomA{J, Tq) = 0. Since 7 is a projective A-module and (j) is a T-approximation with T C 
Gen{To), we get HomA{J, T) = 0. Consider now the monomorphism ^ : A/7 —> Tq induced by (|). Applying 
the functor — (8),47 to the short exact sequence induced by since Torf{—,J) = 0, there is a monomorphism 
A/J®aJ ^ Tq^aJ ■ Now, let f '.A^^'> Tq be an epimorphism, for some set I. Then it follows that there 
is a surjection f®AJ'- Tq ®a J- Since 7 is projective and T = AddfT), To ^a J lies in Add{To) C T 

and, therefore, fiS>A-I = 0, which implies that Tqi^a-I = 0. This shows that A/7 Ca T = 7/7^ = 0 and, thus, 
7 is idempotent. □ 

Proposition 5.2. Let Abe a hereditary ring. 

(1) An A-module T is silting if and only ifT is tilting overA/Ann{T) and the ideal Ann{T) is idempotent. 
In other words, silting A-modules are support tilting. 

(2) llBSl Lemma 4.5] Let f : A ^ B be a homological ring epimorphism. Then the kernel of f is 
an idempotent ideal. In particular, f can be written as the composition of two homological ring 
epimorphisms: A -^A/Ker{f) and A/Ker{f) B. 

Proof. (1) Assume that T is silting. Thus, by Proposition 12.21 11. T is tilting over the quotient ring A := 
A/Ann{T). Moreover, there is a left Ge?i(r)-approximation (|) : A ^ Tq with Tq in Add{T) and Ker{(S!) = 
Ann{T) = Ann{Gen{T)). Since T is silting, Tq has no self-extensions and, thus, by Lemma l5Al Ann{T) 
is idempotent. Conversely, suppose that T is a tilting A-module with Ann{T) idempotent. Consider the 
projective A-presentation a of T given as the direct sum of a monomorphic presentation of T with the trivial 
map Ann{T) —> 0. Since Ann{T) is idempotent, it follows from Proposition 12.51 2) that 

= r-Li f^Ann{T)° =Ker{Ext\{T,-)) = Gen{T). 

Consequently, T is a silting A-module. □ 

Note that a similar statement does not hold without the hereditary assumption. 

Example 5.3. Let T be a sincere finitely generated silting module over a finite dimensional K-algebra A 
that is not tilting. Such modules T are just non-faithful x-tilting modules over A (see IIAMVll and HAIRl ). 
Since T is not faithful, Ann{T) 0 and since T is sincere, Ann(T) cannot contain any idempotent e of 
A. In particular, it is not an idempotent ideal. Moreover, Example 14.31 (Case 1) provides an example of a 
homological ring epimorphism whose kernel is not idempotent. 

In the following, we wish to assign a ring epimorphism to a silting module T, using the construction of 
Section 3. To this end, we need a canonical choice of a partial silting module T\ associated with T. Therefore 
we consider the following class of silting modules. 


12 






Definition 5.4. Let A be a hereditary ring and T be a silting A-module. Then T is called minimal, if Aa 
admits a minimal left Ar/d(r)-approximation. 

Clearly, the definition of minimal silting modules also applies to tilting modules. Note that already in the 
setting of tilting modules, we obtain many non-trivial examples. 

Example 5.5. Let A be a hereditary ring. 

(1) Let T be an endofinite silting A-module, i.e., T has finite length over its endomorphism ring. There¬ 
fore, by MKSl Theorem 4.1], Add{T) is closed for products and, thus, by HKSl Theorem 3.1], every 
A-module admits a minimal left Ad<i(r)-approximation. In particular, finitely generated silting 
modules over hereditary Artin algebras are minimal. 

(2) Let A be noetherian and consider the minimal injective coresolution of the free module of rank one 

0-^ A-^ El -^ E2 -^ 0. 

It follows that T := E\ ©£'2 is a tilting A-module where Gen{T) is given by the class of injective 
A-modules. Since injective envelopes are left-minimal, T is a minimal tilting module. 

(3) Let r be a tilting A-module that arises from a ring epimorphism, say T =B®B/A for an injective 
homological ring epimorphism f ■. A ^ B (see Theorem 12.71 111. Then T is minimal. In fact, we 
have the following canonical Ar/r/(r)-approximation sequence 

0-^ A —^ B -^ B/A -^ 0. 

Since / is a reflection map, it is clearly left-minimal. 

Minimal silting modules are motivated by the following construction. Let A be hereditary, and let T be 
a minimal silting A-module with associated torsion class “Df, = Gen{T). Consider the minimal Add{T)- 
approximation sequence 

d) 

A —^ To -^ Ti -^ 0. 

By Proposition l5.2f ll. T is a tilting module over the quotient ring A :=A/Ann{T) and Ann{T) is idempotent. 
We get the induced minimal A<ir/(r)-approximation sequence in Mod {A) 

0-^ A To -^ Ti -^ 0. 

Since the ideal Ann{T) is idempotent we get from Proposition |23l2) that 

Gen{T) = n = T^^' nAnn{Ty. 

In particular, T\ is a partial silting A-module with respect to the projective presentation ai, given as the 
direct sum of a monomorphic presentation of Ti with the trivial map Ann{T) 0. In fact, we get the 
equality = Gen{T) = T)^. Following Proposition 13.31 we consider the birellective subcategory 

‘y = Ty^XA 

associated with T\. The corresponding ring epimorphism will be denoted by A —> Bj. Since the approxima¬ 
tion (|) was chosen minimal and, hence, the module T\ is uniquely determined, we obtain a well-defined map 
from (equivalence classes of) minimal silling modules fo (epiclasses of) ring epimorphisms by mapping T 
fo fhe ring epimorphism A —> Bj-. We need fhe following technical proposifion mofivafed by fhe resulfs in 
lim Secfion 2]. 

Proposition 5.6. Let A be a hereditary ring and T be a minimal silting A-module with associated ring 
epimorphism A —> Bt- Then Xbj coincides with 

a{Gen{T)) := {X G Gen{T) | V(g : T ^ A) G Gen{T), Ker{g) G Gen{T)}. 

Moreover, if A —)■ Tq is the minimal left Add (T)-approximation, then we have Proj{XBj) = Add{To). 
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Proof. Let (j) : A —Tq be the minimal left A<3f<i(r)-approximation and T\ = Cokerff). Let A = A/Ann{T) 
and observe that, by Lemma [A4l we have 

Xb, = {XeXA\ Hom^{Ti,X) = 0 = Ext^{TuX)}. 

We first prove that Xb^ C a{Gen{T)). Take X in Xb^. Since Ext^{Ti,X) = 0 and T is a tilting module 
over A, the module X lies in Gen{T). Now consider a test map g : T —)■ X with Y in Gen{T). Without loss 
of generality, we may assume g to be surjective, since Im{g) also lies in Xbj- Moreover, note that Ker{g) 
belongs to X^, since so do X and F. By applying the functor EIom^{T\,—) to the short exact sequence 
induced by g, we obtain the exact sequence 

Hom^{T ,, F) -- Hom^{T, ,X)-- Ext\{T, , Ker{g)) -- Ext\{T ,, F) . 

Since, by assumption, EIom^{T\,X) = 0 and F lies in Gen{T) (showing that Ext^{Ti,Y) = 0), it follows that 
Ext^{Ti,Ker{g)) = 0. This proves that Ker{g) lies in Gen{T) and, thus, X lies in a{Gen{T)). 

Conversely, since a{Gen{T)) C Gen{T), it is enough to show that Hom^{Ti, a{Gen{T))) = 0. By def¬ 
inition, a{Gen{T)) is closed for subobjects in Gen{T). In particular, the image of any morphism from an 
object in Gen{T) to an object in a{Gen{T)) is itself in a{Gen{T)). Thus, to prove our claim, it is enough to 
show that there are no surjections from Ti to any object C in a{Gen{T)). Let co : Ti —)• C be such a surjection 
and consider the commutative diagram 


0 

0 


A 


A 


K 


To 


a)o\|( 


c 


b V 1 

X —^ Ti —^ C ■ 


0 

0 


0 0 


with exact rows and columns. Since C lies in a{Gen{T)), K lies in Gen{T). Thus, d factors through (|), i.e., 
there is a map e : To ^ K such that eo(^ = d. This shows that aoeo(^ = aod = (^ which by minimality of (|) 
yields that a o e is an isomorphism. In particular, a is an epimorphism and C = 0. 

Finally, let us show that Proj{XBj) =Add{To) by observing that Tq is aprojective generator in a{Gen{T)). 
Since A is hereditary, by l|ITl Proposition 2.15], a{Gen{T)) coincides with 

{X € Gen{T) | V(g : F ^X) € Gen{T), Ker{g) € Gen{T)}. 

First we see that Tq lies in a{Gen{T)). Given X in Gen{T) and an epimorphism co : X —> Tq, since A is 
projective there is p : A ^ X such that co o p = (|). Moreover, since Tq is a left Gen(r)-approximation, there 
is Y: To —>X such that p = yoc]). Therefore, we have that cooYo(|) = coop = (|), which by minimality of (j) 
shows that co is a split epimorphism and, thus, Xer(co) lies in Gen{T). Now, Tq is projective in a{Gen{T)) 
since HomA{TQ, —) is exact for short exact sequences Gen{T). Moreover, it is a generator of Gen{T) and, 
hence, also a generator for a{Gen{T)), thus proving our claim. □ 

Remark 5.7. The first part of the above proof shows the following. Let A be any ring and T be a silting 
A-module such that A admits a minimal left Gen(r)-approximation (j) : A —> Tq. Then the birefiective sub¬ 
category Gen{T) r\Coker{(f)° coincides with a{Gen{T)). However, notice that, in contrast to the hereditary 
setting, ElomA{Cokerff),TQ) may not vanish and Tq does not generally lie in a{Gen{T)). 

Now we are able to state the main result of this section. 
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Theorem 5.8. Let A be a hereditary ring. Then the assignment a : T i—> (/ : A —> Br) yields a bijection 
between 

(1) equivalence classes of minimal silting A-modules; 

(2) epiclasses of homological ring epimorphisms of A. 

Moreover, a restricts to a bijection between 

(1) equivalence classes of minimal tilting A-modules; 

(2) epiclasses of injective homological ring epimorphisms of A. 

Proof First, we check that a is well-defined. By construction, the ring epimorphism / is uniquely deter¬ 
mined by T. Moreover, by Proposition I3.31 the subcategory Xgj is closed under extensions in Mod (A) and, 
therefore, by Proposition l2.41 Torf{BT,BT) = 0. Since A is hereditary, all higher Tor-groups vanish showing 
that the ring epimorphism / is homological. 

The injectivity of a follows from Proposition 15.61 if T and T' are minimal silting modules with (x(r) = 
a(r'), then we have tha.t Addijo) =Add{Tf) and, thus, T and T' are equivalent. 

Next, we prove the surjectivity of a. Let / : A —)■ B be a homological ring epimorphism. By Proposition 
E2l:2), we get a commutative diagram of homological ring epimorphisms 



A/Ker{f) 


where f is injective and the quotient ring A := A/Ker{f ) is again hereditary. Thus, by Theorem 12.71 11. 
T := B®B/A is a tilting module over A and it is minimal as argued in Example 15.51 31. By Proposition 
Eai), T becomes a minimal silting A-module with respect to a projective A-presentation a of T that is 
given as the direct sum of a monomorphic presentation of T and the trivial map Ker{f) 0. It remains 
to check that ot{T) lies in the same epiclass as the ring epimorphism f : A ^ B. Since the minimal left 
Ar/<i(r)-approximation of A is given by the module map / : A —> B, by construction, we have 

Xb^ = iB/A)^nx^. 

But this coincides with Xb by Theorem l2.7f ll. 

It follows from the previous arguments that the inverse ^ of a assigns to a homological ring epimor¬ 
phism f ■. A ^ B the minimal silting A-module B®Coker{f). Therefore, in case / is injective, the module 
(/) is actually a tilting module, by Theorem l2.7f ll. It remains to check the restriction of the map a. Let 
r be a minimal tilting A-module with a monomorphic minimal Ar/r/(r)-approximation (j) : A — )■ Tq. Using 
Proposition 15.61 it follows that Tq lies in Xb^ and, thus, (j) is the -reflection of A. In particular, the ring 
epimorphism A ^ By is injective. □ 

We have the following immediate corollary of Theorem 15. 8 1 

Corollary 5.9. Let A be a hereditary ring. Then a tilting A-module T arises from a ring epimorphism if and 
only if T is minimal. 

Example 5.10. Let A be the Kronecker algebra, i.e., the path algebra of the quiver • £ • over a held K. 

First observe that a non-zero support tilting module which is not tilting is equivalent to a simple A-module. 
These are clearly minimal silting modules. From fM] and IIAS21I we know that all tilting modules except the 
Lukas tilting module (see llLlI and IIL2ll l arise from ring epimorphisms. By our result this is a classification 
of all minimal silting A-modules and the unique non-minimal silting module is the Lukas tilting module. 

Let us briefly analyse the Lukas tilting module L in more detail. The tilting class Gen{L) is given by 
the A-modules without any indecomposable preprojective summands. Since Add{L') = Add{L) for all non¬ 
zero direct summands L' of L (see ULll Theorem 6.1] and IIL21 Theorem 3.1]), we conclude that for all 
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A<it/(L)-approximation sequences 

0-s- A-s- Lq-9- Ly -^ 0 

the bireflective subcategory only contains the zero-module. 

Following IdTl . we refer to full, abelian and extension closed subcategories of mod (A) as wide, and we 
call them finitely generated if they contain a generator. 

Corollary 5.11. IITI Section 21. llMl Theorem 4.2] If A is a finite dimensional hereditary algebra, the map 
a from Theorem \5.8\ restricts to a bijection between 

(1) equivalence classes of finitely generated support tilting A-modules; 

(2) epiclasses of homological ring epimorphisms A —> B with B finite dimensional; 
and there is a further bijection with 

(3) finitely generated wide subcategories ofmod{A) 

by assigning to a ring epimorphism A —)• B the class Xg H mod (A) = mod{B). 

In UTl 0 further bijections are established, providing a combinatorial interpretation of finitely generated 
support tilting modules in terms of noncrossing partitions, clusters, or antichains. The poset of exceptional 
antichains, which is isomorphic to the poset of generalised noncrossing partitions (IH Theorem 3.6.6]), is 
defined via fhe partial order on finitely generafed wide subcafegories given by inclusion. By Corollary 15.111 
fhe latter corresponds to the following partial order on the epiclasses of homological ring epimorphisms of 
A. Given f\\A^Bi and /2 : A ^ B 2 , we set 

/l>/2 

if there is a ring homomorphism g : Bi —B 2 such that go fi = f 2 (it is indeed a partial order because ring 
epimorphisms are left minimal maps). In order to investigate <, we first need some terminology. 

Theorem 5.12. HSchll Theorem 4.1] Let A be a ring and T, be a class of morphisms between finitely gener¬ 
ated projective right A-modules. Then there is a ring homomorphism f \ A ^ Ax, such that 

(1) / is Z-inverting, i.e. if (5 belongs to Z, then (5 ®aAx is an isomorphism of right Ax-modules, and 

(2) / is universal Z-inverting, i.e. for any L-inverting morphism f':A^B there exists a unique ring 
homomorphism g : Ax ^ B such that go f = f. 

The homomorphism f: A ^ Axis a ring epimorphism with Torf{Ax,Ax) = 0, called the universal locali¬ 
sation of A at Z. 

Let now If be a set of finitely presented modules of projective dimension at most one. For each U G 
U, we fix a projective resolution 0 ^ P % Q ^ U —>0in mod (A) and we set Z = {a^ | U G U}. We 
denote by /^/ : A —> A^y the universal localisation of A at Z. Note that A>u does not depend on the chosen 
class Z (compare El Theorem 0.6.2]). Moreover, the ring epimorphism fzi corresponds to the bireflective 
subcategory Xa.^ = by BAAl Proposition 2.7]. Finally, if A is hereditary, then fu is injective if and 
only if the modules in U are bound, i.e. they are finitely presented modules U such that HomA{U,A) = 0 
(compare IISch31l and IHl Lemma 4.1]). 

Theorem 5.13. IISch31 Theorem 2.3]. IIKStl Theorem 6.1] Let A be a hereditary ring. Then a ring epimor¬ 
phism starting in A is homological if and only if it is a universal localisation. Moreover, the assignment 
y: W vA- {f^ : A ^A,^;) defines a bijection between 

(1) wide subcategories ofmod{A); 

(2) epiclasses of universal localisations of A 
which restricts to a bijection between 

(1) wide subcategories of bound A-modules; 

(2) epiclasses of injective universal localisations of A. 
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Remark 5.14. (1) Notice the difference between the bijections in Corollary 15. 11 1 and Theorem 15.131 in the 
first case the wide subcategory associated with / : A ^ B is Ag nmor/(A), while in the second case we are 
taking the wide subcategory W of all modules U with a projective resolution Ou which is inverted by the 
functor — 0^ B, or in other words, ‘IT' = -^XBr\mod{A), and Xb = 

(2) By HSchSl Theorem 2.5], the wide subcategories W consisting of bound A-modules correspond bijec- 
tively to Hom-perpendicular sets of finitely presented bound A-modules, that is, antichains of non-projective 
modules in the terminology of [R j- 

Corollary 5.15. Let A be a hereditary ring. Then there is a commutative triangle of bijections 

( equivalence classes of 1 
1 minimal silting A-modules \ 

J wide subcategories 
y of mod (A) 

where a is defined in Theorem 15.81 yN defined in Theorem \5.13\ and P assigns to a wide subcategory W the 
silting class C where A = A/Ker{fcp^). 

Proof We only have to show that P = oy. From II AS 11 Corollary 4.13] and IISch3[ Theorem 2.6] we 
know that A^ ©A,^/A is a tilting A-module with tilting class Gen{A^) = KerExt^{W, —) = Cl A^. 
Hence, we have P(4T') = Gen{A^), which is the silting class of the silting module Arj^ (BCokerfri^ = 
(y(‘^)) (see the proof of Theorem ISTSl) . □ 

Corollary 5.16. Let A be a hereditary ring. Then the epiclasses of homological ring epimorphisms starting 
in A form a lattice with respect to <. 

Proof. Let f\ ■. A ^ B\ and /2 : A ^ B 2 be homological ring epimorphisms. Of course, f\ > /2 if and only 
if Xb 2 is a full subcategory of Xb^. By Theorem 15.131 and Remark [5.141 11 this amounts to the inclusion 
C W2 for the wide subcategories TfJ- = J^^ifi). The claim now follows from the fact that the wide 
subcategories of mod (A) form a lattice. More precisely, the join of /i and /2 is given by the universal 
localisation at the wide subcategory D Wz, and the meet is given by the universal localisation at 4 Tj U W2 
(or equivalently, by Theorem 15.131 at the smallest wide subcategory containing U W2). □ 

If we restrict to homological ring epimorphisms with finite dimensional target, we obtain the poset of 
exceptional antichains. This is known to be a lattice for finite dimensional hereditary algebras of finite 
representation type (compare UTllRl). Indeed, this also follows from Corollary 15.161 since every ring epi- 
morphism has a finite dimensional target in the representation-finite case ( lIGdPl Corollary 2.3]). In general, 
however, the poset of exceptional antichains is not a lattice, as remarked in iRl p.65] and illustrated in the 
following example. 

Example 5,17, The meet of two homological ring epimorphisms f\ :A^B\ and fz'.A^Bz can be infinite 
dimensional even when Bi and Bz are finite dimensional algebras. Indeed, if A is a finite dimensional 
tame hereditary algebra and TL is a non-homogeneous tube with simple regular modules S\,...,Sr, then 
/i : A —> A{ 5 |} and fz : ^{ 52 .-A} finite dimensional targets, but their meet / : A —> A^ has an 

infinite dimensional target (see HCBl Section 4] and IIAS21 Proposition 1.10]). A specific insfance of fhis 
phenomenon is provided in 1|R] Example 3.1.4]. 

Example 5.18. We compute fhe lattice of homological ring epimorphisms for fhe Kronecker algebra A (see 
Example 15.101) . Eef us denote by P, (respectively Qi), wifh i € N, fhe (finife dimensional) indecomposable 
preprojecfive (respecfively, preinjecfive) modules, indexed such fhaf dim-f^HomA{Pi,Pi+\) = 2 (respectively, 
dim^HomA{Qi+\,Qi) = 2). Also, we identify below fhe quasi-simple regular A-modules wifh poinfs in fhe 
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epiclasses of universal 
localisations of A 






























projective line Following Example 15. 101 we can list all minimal silting A-modules and all homological 
ring epimorphisms of A (together with their associated birellective subcategories) as follows. 


Silting module 
0 

A = Pi©F 2 
Pi 
Q i 

(Pi ©P(+l)i>2 
( Qi+i ® 2i)/gn 
(A ^/ © A ^7 /A) 0 ^ y 


Homological ring epimorphism 

a®7o 

Id 

Xq A —y A/Ae2A 
fjQ : A/Ae\A 

(ki: A ^ A{p.^||),-gN 

(f'l : A —> A|gj)/gisj 

(kzi : A 


Birellective subcategory of Mod {A) 

Xid = Mod{A) 
Xx,=Add{Pi) 

X/jg =Add{Qi) 

{Aki =Adr/(Pi))ieN 
(Aji, = Ar/d(2,-+i))/gN 


The lattice of homological ring epimorphisms for the Kronecker algebra is then as follows 



where the interval between Id and Xpi represents the dual poset of subsets of P^. The ring epimorphisms 
with infinite dimensional target are those in frames, i.e., those of the form with 0 7 ^ “Zi C P^. The poset 
obtained by excluding these elements is precisely the poset of exceptional antichains from [R]. Note that the 
above lattice is dual to the one of wide subcategories in mod {A). The poset of silting classes is, however, 
completely different. As before, let L denote the Lukas tilting module (which is not minimal and, thus, does 
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not appear above). The silting classes corresponding to infinite dimensional silting modules are framed. 

Mod (A) 



Gen (Pi) 



0 



Gen{P2) 


GeniPs) 



Gen{Q 2 ) 


Gen{Qi) 



Next, we focus on the case of a Dedekind (i.e. commutative and hereditary) domain. Here there is 
an interesting connection with Gabriel topologies. Indeed, over any coherent ring A, there is a bijective 
correspondence assigning to every Serre subcategory U of mod (A) a Gabriel topology of finite type on 
A (see ns tel Theorem VI.5.1],l|Hl Theorem 2.8],||Kl Corollary 2.10]). Notice that every Serre subcategory is 
wide, and over commutative noetherian rings also the converse is true by 1X1 Theorem A]. Also, recall that 
every Gabriel topology L induces a ring homomorphism A Q^. We say that a ring epimorphism A —> P is 
non-trivial if B ^0, and we consider only non-trivial Gabriel topologies, i.e. consisting of non-zero ideals. 

Example 5.19. If A is a Dedekind domain, all non-trivial homological ring epimorphism are injective and 
the maps a, p and y from Corollary [5A5] define bijections between: 

(a) equivalence classes of tilting A-modules; 

(b) wide subcategories of bound A-modules; 

(c) Gabriel topologies on A; 

(d) epiclasses of non-trivial universal localisations of A; 

(e) epiclasses of non-trivial homological ring epimorphisms of A. 
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Indeed, we know that all tilting modules are minimal from II AS 11 Corollary 6.12]. Further, all Gabriel 
topologies are of finite type, and over commutative semihereditary rings the latter coincide with perfect 
Gabriel topologies by IlStel Chapter XI, Proposition 3.3]. This means that the localisations A —of A 
induced by Gabriel topologies are (flat) ring epimorphisms, and in fact, they are precisely the non-trivial 
universal localisations of A by llBSl Theorem 7.8]. So, it only remains to check that every non-trivial 
universal localisation f,^> is injective. But this is true over any commutative semihereditary domain. Indeed, 
if W contains a non-bound module, then it contains a non-zero projective module P, which must vanish 
under — Then also the trace of P in A vanishes under — since A has non non-trivial 

idempotents, it follows from HLaml Theorem 2.44] that the trace coincides with A, so A.^ = 0. 

The maps P and y can also be described as follows. Given a wide subcategory W, we consider the Serre 
subcategory U = Tr{‘W), where Tr denotes the Auslander-Bridger-transpose (which is an equivalence on 
bound modules and thus maps Serre subcategories to Serre subcategories). Then y(TF) is the localisation 
A Qj^ associated with the Gabriel topology L<u, and the tilting class P(TF) consists of the P^;-divisible 
modules (as defined in IlStel p. 155]). 

Finally, we observe that the poset of homological ring epimorphisms of a Dedekind domain A is dual to 
the poset of subsets of maximal ideals of A (see HASH Corollary 6.12]). 

We finish the paper by placing our classification of minimal tilting modules over hereditary rings in the 
context of further classification results for some special classes of rings. 

Remark 5.20. If A is a Priifer domain, the maps P and y above define bijections between: 

(a) equivalence classes of tilting A-modules; 

(b) wide subcategories of bound A-modules; 

(c) perfect Gabriel topologies on A; 

(d) epiclasses of non-trivial universal localisations of A. 

Moreover, all non-trivial universal localisations are injective homological ring epimorphisms, but the con¬ 
verse is not true in general (see HBSl Section 8]). 

Indeed, the assignment y is a bijection between (b) and (d): one can check that the arguments in HSchfill 
also hold for semihereditary rings. The correspondence between (c) and (d) follows as in Example 15.191 
In particular, we can deduce that wide and Serre subcategories of bound modules coincide. Finally, the 
bijection between (a) and (c) is IIBETl Theorem 5.3]. 

Remark 5.21. If A is a commutative noetherian ring, there are bijections between: 

(a) equivalence classes of tilting A-modules; 

(b) wide subcategories of bound A-modules; 

(c) faithful Gabriel topologies of A. 

A Gabriel topology is called faithful if the localisation A ^ Qj^ is injective. The bijection between (a) and 
(c) is HAPSTI Theorem 2.11]. Again, to a wide subcategory of bound modules U, we associate the Gabriel 
topology Lu and the tilting class consisting of the iL<u-divisible modules. 

Our results for hereditary rings thus share some common features with further classifications over other 
classes of rings. It would be nice to have a general statement encompassing all these cases. 
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